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1. Scalars and Vector  

The term scalar refers to a quantity whose value may be represented by a single (positive 

or negative) real number e.g. length, time, voltage etc. A scalar is represented simply by a letter 

e.g. A, B and E, or by| | | |   | |. 

A vector quantity has both a magnitude and a direction in space. Force, velocity and 

electric field are examples of vectors. Each quantity is characterized by both a magnitude and a 

direction. A vector is represented by a letter with an arrow on top of it, such as   ⃗⃗    ⃗⃗       ⃗⃗  , or 

by a letter in boldface type such as A, B and E  

1.1 Vector Addition and Subtraction  

Two vectors A and B can be added together to give another vector C: i.e.  

      

The vector addition is carried out component by component. Thus, 

if   ⃗⃗                 and   ⃗⃗                 , then  

 ⃗⃗   ⃗⃗  (     )   (     )   (     )   

Vector subtraction is similarly carried out as 

  ⃗⃗   ⃗⃗  (     )   (     )   (     )    

Example: If   ⃗⃗              and  ⃗⃗          . Find A+B and A-B? 

Solution:        

                                          

                                          

 ⃗⃗   ⃗⃗  (   )   (   )   (   )                   

 ⃗⃗   ⃗⃗  (   )   (   )   (   )                  
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2. The Cartesian Coordinate System 

In the Cartesian coordinate system we set up three coordinate axes mutually at right angles to 

each other, and call them the x, y, and z axes. It is customary to choose a right-handed coordinate 

system, in which a rotation (through the smaller angle) of the x axis into the y axis would cause a 

right-handed screw to progress in the direction of the z axis. Figure 1.3 shows a right-handed 

cartesian coordinate system. 

A point is located by giving its x, y, and z coordinates. These are, respectively, the 

distances from the origin to the intersection of a perpendicular dropped from the point to the x, y, 

and z axes. 

 

Figure 1.3 (a) A right-handed cartesian coordinate system. (b) The location of points P(1, 2, 3) and  

Q(2, —2, 1). (c) The differential volume element in Cartesian coordinates 
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Also shown in Figure 1.3(c) are differential element in length, area, and volume. Notes 

from the figure that in Cartesian coordinate: 

1- Differential displacement is given by 

                  

2- Differential normal area is given by 

           

           

           

3- Differential volume is given by 

          

3.  Vector Components and Unit Vectors 

A vector  ⃗⃗  in Cartesian coordinates may be represented as  ⃗⃗                 . 

Where   ,    and    are called the components of  ⃗⃗  in x, y, and z directions respectively. A 

vector  ⃗⃗  has both magnitude and direction. The magnitude of  ⃗⃗  is scalar written as A or | ⃗⃗ |.  

| ⃗⃗ |  √            

A unit vector    along A is defined as a vector whose magnitude is unity (i.e., 1) and its 

direction is along  ⃗⃗  ⃗, i.e. 

   
  

|  |
 
                

√  
    

    
 
  

Notes that |  |    

The vector between two points P(x0, y0, z0) and Q(x1, y1, z1) is given by: 

  ⃗⃗⃗⃗  ⃗  (     )   (     )   (     )    
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Example: Find the vector between the points P (1, 4, 2) and Q (3, 1, 6)? 

Solution:    ⃗⃗⃗⃗⃗⃗  (   )   (   )   (   )                   

                    ⃗⃗⃗⃗⃗⃗  (   )   (   )   (   )                    

 

Example: If   ⃗⃗                and   ⃗⃗         , find (a) the component of A along   , 

(b) the magnitude of A, (c) the magnitude of B, (d) the magnitude of 3A-B, (e) the 

unit vector of A  

 Solution:  

( )                                         

( )   | |⃗⃗⃗⃗  ⃗  √                

( )   | |⃗⃗⃗⃗  ⃗  √           

( )                         

               (              )  (      )                 

         |    |  √                

( )                            

           
 

| |
 
              

     
 

4. The Dot Product 

The dot product of two vectors  ⃗⃗  and  ⃗⃗  ⃗, written as  ⃗⃗    ⃗⃗  , is defined geometrically as the 

dot product of the magnitude of  ⃗⃗   and the projection of  ⃗⃗  onto  ⃗⃗  (or vice versa). 

Thus: 

 ⃗⃗    ⃗⃗  | ⃗⃗ || ⃗⃗ |        
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where     is the smaller angle between A and B. the result of A.B is called either scalar 

product since it is scalar, or dot product due to sign. 

  If   ⃗⃗                 and   ⃗⃗                 , then   

 ⃗⃗    ⃗⃗                  

note that  

                                           (                     ) 

                                            (                   ) 

 

Example: The three vertices of a triangle are located at A(6, -1, 2), B(-2, 3, -4) and C(-3, 1, 5). 

Find: (a)  ⃗⃗    ; (b)  ⃗⃗    ; (c) the angle     at vertex A ? 

Solution:  

 ⃗     (    )   (  (  ))   (    )   

 ⃗                  

 ⃗     (    )   (  (  ))   (   )   

 ⃗                   

| ⃗    |  √               

| ⃗    |  √              

 ⃗       ⃗                      (  )   ( )   ( )     

 ⃗       ⃗     | ⃗    || ⃗    |         

        (    )         
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5. The Cross Product 

The cross product of two vectors A and B, written as A x B, is defined as 

 ⃗⃗    ⃗⃗  | ⃗⃗ || ⃗⃗ |           

Where     is a unit vector normal to the plane containing  ⃗⃗  and  ⃗⃗ . The direction of     is 

taken as the direction of the right thumb when the fingers of the right hand rotate from A to B as 

shown in Fig. 1.5(a). Alternatively, the direction of     is taken as that of the advance of a right-

handed screw as A is turned into B as shown in Fig. 1.5(b). 

 

The vector multiplication of equation above is called cross product due to the cross sign; 

it is also called vector product since the result is a vector. 

If   ⃗⃗                 and  

  ⃗⃗                 , then  

 ⃗⃗    ⃗⃗  |

      
      
      

|  

             (         )   (         )   (          )   

 

A x B A x B 

Figure 1.5: Direction of �⃗⃗�   �⃗⃗�  using (a) right hand rule (b) a right-handed screw 

(a) (b) 
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Note that  

                                            (                   ) 

          

          

          

While  

           

Example: If three points A(6, -1, 2), B(-2, 3, -4) and C(-3, 1, 5). Find   ⃗      ⃗      

Solution:  

 ⃗     (    )   (  (  ))   (    )   

 ⃗                  

 ⃗     (    )   (  (  ))   (   )   

 ⃗                   

| ⃗    |  √               

| ⃗    |  √ 
             

 ⃗      ⃗     |

      
               
               

|  |

      
     
    

|       

 ⃗      ⃗      (        )   (          )   (     (  )   )   

  ⃗      ⃗                    

| ⃗      ⃗    |  √  
          | ⃗    || ⃗    |                                      
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6. The Cylindrical Coordinate System  

The circular cylindrical coordinate system is very convenient whenever we are dealing with 

problems having cylindrical symmetry. A vector  ⃗⃗  in cylindrical coordinates can be written as: 

 ⃗⃗                  

Where   ,    and    are unit vectors in the     , and z-directions as illustrated in Figure 1.6. 

 The magnitude of  ⃗⃗  is: 

| ⃗⃗ |  √  
    

    
   

A point P in cylindrical coordinates is represented as (     ) and is as shown in Figure 

1.6. Observe Figure 1.6 closely and note how we define each space variable:    is the radius of 

the cylinder passing through P or the radial distance from the z-axis;   is (called the azimuthal 

angle) measured from the x-axis in the xy-plane; and z is the same as in the Cartesian system.  

 

Notice that the unit vectors   ,    and     are mutually perpendicular since our coordinate 

system is orthogonal;    points in the direction of increasing  ,     , in the direction of 

increasing  , and    in the positive z-direction. Thus 

                        

Figure 1.6: Point P, unit vector, and differential element in cylindrical coordinates  
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Note Also from Figure 1.6 that in cylindrical coordinate, differential element can be found: 

(i) Differential displacement is given by: 

        

         

        

                        

(ii) Differential normal area is given by: 

            

          

           

(iii) Differential volume is given by:  

            

 

The distance between two points in cylindrical coordinate P1(        )  and P2(        ) is 

given by  

  √  
    

          (     )  (     )
   

 

 

Ring  𝑑𝐿  𝜌𝑑      𝑑𝐿  𝑑𝑧 𝑧 
  𝑑𝐿  𝑑𝜌 𝜌 

   𝜌𝑑 𝑑𝑧𝐚𝝆 

   𝜌𝑑 𝑑𝜌𝐚𝒛 

   𝑑𝜌𝑑𝑧𝐚  
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 Cartesian to Cylindrical Coordinate Transformation  

The relationships between the variables (x, y, z) of the Cartesian coordinate system and 

those of the cylindrical system (     ) are easily obtained as 

  √                             
 

 
                              

In matrix form, we have transformation of vector   ⃗⃗  ⃗  

from Cartesian coordinate     ⃗⃗  ⃗                   

to cylindrical coordinate      ⃗⃗                 as 

|

  
  
  

|  |
         
          
   

|  |

  
  
  

|  

 

 Cylindrical to Cartesian Coordinate Transformation  

The relationships between the variables (     ) of the cylindrical coordinate system and 

those of the Cartesian system (x, y, z) are easily obtained as 

                                                                   

In matrix form, we have transformation of vector   ⃗⃗  ⃗  

From cylindrical coordinate  ⃗⃗                  

To Cartesian coordinate         ⃗⃗  ⃗                  as 

 

|

  
  
  

|  
|

|

 

√     

  

√     
 

 

√     

 

√     
  

   

|

|
  |

  
  
  

|  
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Example: Given point P(-2, 6, 3) and vector   ⃗⃗  ⃗      (   )   , express P and   ⃗⃗  ⃗  in 

cylindrical coordinate. Evaluate   ⃗⃗  ⃗ at P in Cartesian and cylindrical system? 

Solution: 

The vector A in Cartesian coordinate at P is: 

  ⃗⃗  ⃗      (    )          

| |  √           

The point P in cylindrical coordinate is: 

  √        √             

       
 

 
        

 

  
        

        

P(6.324 , 108.43
0
, 3) 

The vector A in cylindrical coordinate is: 

|

  
  
  

|  |
         
          
   

|  |

  
  
  

|  |
         
          
   

|  |
 

   
 
| 

|

  
  
  

|  |
         
          
   

|  |
      

        
 

| 

|

  
  
  

|  |
                          

                    
 

| 
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| |  √                   

7. The Spherical Coordinate System  

The Spherical coordinate system is most appropriate when dealing with problems having 

spherical symmetry. A vector  ⃗⃗  in spherical coordinates can be written as: 

 ⃗⃗                 

Where   ,    and    are unit vectors in the     , and   directions. 

The magnitude of  ⃗⃗  is: 

| ⃗⃗ |  √      
    

   

A point P in spherical coordinates is represented as (     ) and is illustrate in Figure 

1.7(a). From this Figure, we notice that r is defined as the distance from the origin to the point P 

or the radius of a sphere centred at the origin and passing through P;    is the angle between the 

z-axis and the position vector of P; and   is measured from the x-axis  

  Figure 1.7: Spherical coordinate system (a) point P and unit vector (b) 

(a) (b) 
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Notice that the unit vectors   ,    and     are mutually perpendicular since our coordinate 

system is orthogonal;    points in the direction of increasing r,     , in the direction of increasing 

 , and     in the direction of increasing  . Thus 

                        

                        

          

          

          

From Figure 1.7(b), we note that in spherical coordinate, differential element can be found: 

(iv) Differential displacement is given by:  

         

          

               

                               

(v) Differential normal area is given by: 

                   

                

             

(vi) Differential volume is given by: 

                 

The distance between two points in spherical coordinate P1(        )  and P2(        ) is given 

by  

  √  
    

                                    (     )  

   𝑟    𝜃  𝑑𝜃𝑑 𝐚𝒓  

   𝑟𝑑𝑟 𝑑𝜃𝐚  

   𝑟    𝜃 𝑑 𝐚   

   𝑟𝑑𝜃𝒂𝜽 

   𝑑𝑟𝐚𝒓 
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 Cartesian to Spherical Coordinate Transformation  

The relationships between the variables (x, y, z) of the Cartesian coordinate system and 

those of the cylindrical system (     ) are easily obtained as 

  √                                  
√     

 
                                  

 

 
                      

In matrix form, we have transformation of vector   ⃗⃗  ⃗ from Cartesian coordinate   

   ⃗⃗  ⃗                  to spherical coordinate  ⃗⃗                 as 

|

  
  
  

|  |
                    
                      
          

|  |

  
  
  

|  

 

Figure 1.8 shows the relation between space variables  

 

 

Figure 1.8: The relation between space variables (x, y, z), (𝑟 𝜃  ) and (𝑟   𝑧) 
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 Spherical to Cartesian Coordinate Transformation 

The relationships between the variables (     ) of the spherical coordinate system and 

those of the Cartesian system (x, y, z) are easily obtained as 

                                                                                 

In matrix form, we have transformation of vector   ⃗⃗  ⃗ from spherical coordinate 

  ⃗⃗                 to Cartesian coordinate   ⃗⃗  ⃗                  as 

|

  
  
  

|  

|

|

 

√        
    

   

√(     )(        )
       

  

√     
  

 

√        

   

√(     )(        )

 

√     

 

√        

 √     

√        
 

|

|

  |

  
  
  

|  

 

Example: Express    ⃗  
  

 
               in Cartesian coordinate? Find  ⃗  at (-3, 4, 0)? 

Solution: 

  

 
 

  

√        
                                            

|

  
  
  

|  

|

|

 

√        
    

   

√(     )(        )
       

  

√     
  

 

√        

   

√(     )(        )

 

√     

 

√        

 √     

√        
 

|

|

  |

  

√        

 
 

| 

 

   
   

√        
 

    

√(     )(        )
 

 

√     
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√        
 

    

√(     )(        )
 

 

√     
 

   
   

√        
 
  √     

√        
 

                 

     (         ) 
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Homework 

Q1: Find the distance between (5,  
 

 
 , 0) to (5, 

 

 
, 10) in cylindrical coordinate? 

    Ans:    √   

Q2: Obtain the expression for the volume of a sphere of radius a, from the 

differential volume? 

Q3: Obtain the expression for the volume and surface area of a cylindrical of radius 

b and height h, from the differential volume? 

Q4: Using spherical coordinates to write the differential surface areas dS1 and dS2 

and then integrate to obtain the surface marked 1 and 2 in Figure below?  

    

   Ans:  
 

 
  
 

 
  

Q5: Express the unit vector directed toward the origin from an arbitrary point on 

the line described by x=0, y=3?   Ans:   
        

√    
  

Q6: Find the angle between  ⃗⃗           and  ⃗⃗               using both dot 

product and cross product?   Ans: 161.5
o
 


